We deal with Krull's intersection theorem on the ideals of a commutative Noetherian ring in the fuzzy setting. We first characterise products of finitely generated fuzzy ideals in terms of fuzzy points. Then, we study the question of uniqueness and existence of primary decompositions of fuzzy ideals. Finally, we use such decompositions and a form of Nakayama's lemma to prove the Krull intersection theorem. Fuzzy-points method on finitely generated fuzzy ideals plays a central role in the proofs.
Introduction.
After the first paper on fuzzy groups in 1971 by Rosenfeld, a decade passed before researchers started to look more closely into the notions extending fuzzy subsets to groups, rings, vector spaces, and other algebraic objects, [2, 3, 8, 9, 10] . There were attempts to unify these studies in one coherent way in the form of modules, [4, 5, 6] . The notion of prime ideal was generalized to fuzzy prime ideals of a ring, and thus initiating the study of radicals and primary ideals in the fuzzy case by Malik and Mordeson [7, 8, 9, 10, 11] . In this paper, we study the concepts of primary decompositions of fuzzy ideals and the radicals of such ideals over a commutative ring. Using such decompositions and a form of Nakayama's lemma, we prove Krull's intersection theorem on fuzzy ideals. We cleverly use the idea of fuzzy points belonging to fuzzy subsets to work out a number of proofs, creating a new way of extending ideas (see, e.g., Proposition 3.3, Theorems 3.5 and 3.11, Proposition 5.2, and so on). (Even though these results are known in the literature, our proofs are new and are based on the fuzzy-point concept. ) We briefly describe the framework of the paper. In Section 2, we introduce notions from fuzzy set theory such as fuzzy ideals, fuzzy points, sums and products on fuzzy ideals, and finitely generated fuzzy ideals. In Section 3, we recall definitions of prime, primary ideals, and their radicals from [11] . Then, we state and prove two uniqueness theorems of primary decompositions. In Section 4, we introduce irreducible fuzzy ideals to establish the existence theorem of primary decomposition. Section 5 deals with the Krull intersection theorem, namely ∞ n=1 µ n = 0 under suitable conditions on µ.
Preliminaries.
In this paper, R denotes a commutative Noetherian ring with unity 1. In general, we are interested in the intersections of ideals in R.
Nakayama's lemma states that if M is a finitely generated module over R and if I is an ideal contained in the Jacobson radical of R with M = IM, then M = 0. A consequence of this fact is that if I is an ideal of a commutative Noetherian ring R contained in the Jacobson radical of R, then ∩ ∞ n=1 I n = 0. In the literature, this is one of the forms in which Krull's intersection theorem is stated. In the following, we are interested in translating these results in the fuzzy set theory setting. Firstly, we summarise the basic theory of fuzzy ideals in order to set the foundation leading up to decomposition theorems of fuzzy ideals. We use [0, 1], the real unit interval, as a chain with the usual ordering in which ∧ stands for infimum (or intersection) and ∨ stands for supremum (or union). If R is treated as a set, then any mapping µ : R → [0, 1] is known as a fuzzy subset of R. The pointwise ordering of the power set I R induces the notions of containment, intersection, and union among the fuzzy subsets of R in a natural way, viz. µ ≤ ν if and only if µ(r ) ≤ ν(r ) for all r ∈ R. In particular, the top element is χ R , which we denote by R. The bottom element is χ 0 , which we denote by 0. A fuzzy subgroup of R is a mapping µ : for a fuzzy subset µ of R, the support of µ is the set supp µ = {x ∈ R : µ(x) > 0}. If µ is a fuzzy ideal then supp µ is an ideal of R. The operations of sums and products on fuzzy subsets µ and ν of R are defined as follows:
If x has no such decomposition, the sum and the product take the value 0 at x. and is called a finitely generated fuzzy ideal. The following two propositions deal with the product of fuzzy ideals generated by fuzzy points the proofs of which are found in [11] . If ω is a fuzzy ideal of R, there are two equivalent ways in which we can define the radical. Given a fuzzy ideal ω, the nil radical of Rω is defined by Rω(x) = {ω(x n ) : n ∈ N}, x ∈ R, and the prime radical of ω is defined as {ν : ω ≤ ν, ν is a prime fuzzy ideal of R}. That they are indeed equivalent is shown in [11] . We denote either of the radical of ω by [14] . A fuzzy ideal ω is a maximal fuzzy ideal of R if and only if Im(ω) = {1,t} for some t ∈ [0, 1) and ω 1 is a maximal ideal of R. The fuzzy Jacobson radical of R is the infimum (intersection) of all maximal fuzzy ideals of R.
In the paragraph preceding Proposition 2.1, we defined the product of two fuzzy subsets µ and ν. If one of them is a fuzzy point and the other is a fuzzy ideal, the product can be viewed as follows: let µ be a fuzzy ideal of R and r λ ∈ FP(R). The product r λ µ is defined by In terms of fuzzy points µ : R = {r λ ∈ FP(R) : r λ R ≤ µ}. In this paper, we only have occasion to use the residual µ : a λ where a λ is the fuzzy ideal generated by a λ .
Primary decomposition.
In this section, we describe a method of decomposing a fuzzy ideal as an intersection of primary fuzzy ideals. Assuming the existence of such a decomposition, we prove some uniqueness results. Most of the results of this section are well known in the literature [11, 12] , albeit proved using a different technique from ours. We first recall the definitions of prime and primary fuzzy ideals.
A fuzzy ideal µ is called a prime (primary) fuzzy ideal in R if µ ≠ R and,
, and is called ν-primary if, firstly, µ is primary and, secondly, ν = √ µ.
..,n} be a collection of prime fuzzy ideals and {µ i : i = 1, 2,...,n} a finite collection of ν i -primary fuzzy ideals of R.
Note 3.2. This decomposition is said to be reduced or irredundant, (we use the two terms interchangeably) if (1) the ν 1 ,ν 2 ,...,ν n are all distinct and
Proposition 3.3. Let µ be a ν-primary fuzzy ideal of R and r λ ∈ FP(R).
Then, the following are satisfied:
Proof. (i) Let r λ ∈ µ. For convenience, throughout the proof, ω denotes the fuzzy ideal generated by r λ , that is, ω = r λ . Then, for r ∈ R, r 1 ω ≤ µ.
That is, r 1 ∈ µ : ω for all r ∈ R. Therefore, µ : r λ = R.
Let > 0. Then, there exist positive integers n 1 and n 2 such that either (r
This implies r
This proves that µ : r λ is primary.
We now claim that µ :
The reverse inclusion follows from a similar argument. Therefore,
Proposition 3.4. Let ω be a prime fuzzy ideal and ω 1 ,ω 2 ,...,ω n any n fuzzy ideals of R. Then, the following statements are equivalent: Definition 3.7. The set {ν 1 ,ν 2 ,...,ν n }, as stated in the above theorem, is known as the set of associated prime ideals of µ and is denoted by Ass R (µ). In this case, we say that each ν i belongs to µ.
For the next proposition, we require the notion of minimal prime fuzzy ideal. We recall that a prime fuzzy ideal µ containing ν is said to be minimal if ν ≤ µ and, whenever a prime ω satisfies the inequality ν ≤ ω ≤ µ, then ω = ν or ω = µ.
Proposition 3.8. Let µ be a fuzzy ideal with a primary decomposition, and let ν be a prime fuzzy ideal such that ν ≥ µ. Then, ν is a minimal prime fuzzy ideal containing µ if and only if ν is a minimal member of Ass R (µ).
Proof. Let µ = n i=1 µ i be a reduced primary decomposition of µ. Let ν i = √ µ i for i = 1, 2,...,n be the associated prime ideals of µ. We note that ν ≥ µ if
Therefore, ν ≥ ν j for some j between 1 and n by Proposition 3.4. (⇒). Firstly, we observe that ν j ≥ µ because ν j = √ µ j ≥ µ j ≥ µ. This is true for all j = 1, 2,...,n. From above, ν ≥ ν j for some j between 1 and n. Now, minimality of ν implies ν = ν j . Therefore, ν is a minimal member of Ass R (µ).
(⇐). ν ≥ µ implies that there exists a minimal prime fuzzy ideal ω such that ν ≥ ω ≥ µ. Therefore, there exists a ν j ∈ Ass R (µ) such that ν ≥ ω ≥ ν j ≥ µ as stated above. Minimality of ν in Ass R (µ) implies that ν = ω = ν j which, in turn, implies that ν is a minimal prime fuzzy ideal containing µ. 
hypothesis, a λ ∈ ν = √ ω. Therefore, r β ∈ ω since ω is ν-primary. This completes the proof. 
Theorem 3.11 (the second uniqueness theorem). Let µ be a fuzzy ideal of R. Suppose that µ has the following two reduced primary decompositions:
µ = µ 1 ∧ µ 2 ∧···∧µ n , with ν i = √ µ i for i = 1,...,n, µ = ξ 1 ∧ ξ 2 ∧···∧ξ n ,
Proof. Suppose that µ(z)
Firstly, we note that µ 1 ,µ 2 ≥ µ and µ 1 ≠ µ, µ 2 ≠ µ. Secondly,
This contradicts the irreducibility of µ. Therefore, | Im(µ)| = 2. Further, suppose that µ 1 is reducible. Then, there exist two proper ideals J 1 and J 2 of R such that
We note that µ i ≥ µ and µ i ≠ µ for i = 1, 2,
This is a contradiction to the irreducibility of µ. Therefore, µ 1 is irreducible.
With each irreducible crisp ideal of R, there is an associated irreducible fuzzy ideal of R as the following proposition shows. Proof. Suppose that there exist fuzzy ideals µ 1 ,µ 2 ≠ µ such that µ = µ 1 ∧ µ 2 . This implies the existence of an x ∈ R such that µ 1 (x) > µ(x). Similarly, there is a y ∈ R such that µ 2 (y) > µ(y). Consider the ideals generated by I and x, ( I, x ), and I and y, ( I, y ). Clearly, I is contained in I, x ∩ I, y , and also, I is distinct from each of I, x and I, y . Let 
Each possible value for k 1 and m 1 as a divisor of 4 leads to an absurd equality. Thus, the claim is proved. Now, we obtain the required example by defining µ(x) to be equal to 1 if x ∈ 4Z+Z and 1/3 otherwise.
Proposition 4.7. Let µ be an irreducible fuzzy ideal of R. Then, µ is a primary fuzzy ideal.
Proof. Since µ is irreducible, µ ≠ R; Im(µ) = {1,α} for some 0 ≤ α < r n , which implies that r n s 2 ∈ µ 1 . Therefore, y ∈ µ 1 . This proves the claim.
Since µ 1 is irreducible, either
This completes the proof. Proof. Firstly, we observe that | Im(µ)| < ∞, so we can assume that Im(µ) = {1,t n ,t n−1 ,...,t 1 }, where 1 > t n > t n−1 > ··· > t 1 .
Let 
Then, all the above ν 1i ,...,ν t 2 i ,... are irreducible. Further,
We end this section with the following corollary on the existence of primary decompositions. Theorem 4.9 tells us that every proper finite-valued fuzzy ideal of R can be expressed as a finite intersection of irreducible fuzzy ideals of R. Now, from Proposition 4.7, we know that an irreducible fuzzy ideal is primary. Thus, we have the following corollary. 
Krull's intersection theorem. In general, it is not true that
for a fuzzy ideal µ of R. But Krull proved that such equality holds under certain additional hypotheses in the crisp case [1] . In this section, we study his theorem in the fuzzy case. for some positive integer k. Given an arbitrary > 0, there exists, for each i between 1 and k, n i ∈ N such that (a Then, µ : a λ is prime, therefore ν-primary. Then, by Theorem 3.5, ν = ν i for
µ i is a reduced primary decomposition. Now, by Proposition 2.4, ν j is finitely generated. So, Lemma 5.1 implies that there exists a positive integer t such that ν This completes the proof. Proof. Since µ = νµ, suppµ = (supp ν)(supp µ). Set I = supp ν be the crisp ideal in R. Let M be any maximal ideal of R. Construct ω on R as follows: ω(x) = 1 if x ∈ M and 0 otherwise. Note that ω is a maximal fuzzy ideal of R. Now, ν is contained in the fuzzy Jacobson radical of R which is itself contained in ω. Therefore, ν ≤ ω, implying I = supp ν ⊆ supp ω = M. Thus, I is contained in the crisp Jacobson radical of R. By Nakayama's lemma for the crisp case, supp µ = 0. This completes the proof. Proof. Let ν = ∞ n=1 µ n . Since µ is finitely generated, µ is finite-valued, which, in turn, implies that ν is finite-valued. By Theorem 5.3, ν = µν. Now, Nakayama's lemma implies that ν = 0.
